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Abstract
The metric-affine and generalized geometries, respectively, are arguably the appro-
priate mathematical frameworks for Einstein’s theory of gravity and the low-energy
effective massless oriented closed bosonic string field theory. In fact, mathematical
structures in a metric-affine geometry are written on the tangent bundle, which is
itself a Lie algebroid; whereas those in generalized geometries introduced as the
basis of double field theories, are written on Courant algebroids. The Lie, Courant
and the higher Courant algebroids used in exceptional field theories, are all spe-
cial cases of pre-Leibniz algebroids. Provided with some additional ingredients,
the construction of such geometries can all be carried over to regular pre-Leibniz
algebroids. We define below the notions of locality structures and locality pro-
jectors, which are some such necessary ingredients. In terms of these structures,
E-metric-connection geometries are constructed with (possibly) a minimum num-
ber of assumptions. Certain small gaps in the literature are also filled as we go
along. E-Koszul connections, as a generalization of Levi-Civita connections, are
going to be defined and shown to be helpful for some results including a simple
generalization of the fundamental theorem of Riemannian geometry. We also show
that metric-affine geometries can be constructed in a unique way as special cases
of E-metric-connection geometries. Moreover, generalized geometries are shown to
follow as special cases, and various properties of linear generalized-connections are
proven in the present framework. Similarly, uniqueness of the locality projector
in the case of exact Courant algebroids is proven; a result that explains why the
curvature operator, defined with a projector in the double field theory literature is
a necessity.
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1 Introduction
Geometric structures play an important role in classical field theories. For instance,
Einstein’s field equations of gravity on a smooth manifold M can be derived from the
variations of the Einstein-Hilbert action
SEH [g] =
∫
M
R(g∇, g) ∗g 1, (1.1)
where the Lagrangian density is given by a geometric quantity called the Ricci scalar
R(g∇, g) corresponding to a metric g and its associated Levi-Civita connection g∇,
which is metric-g-compatible and torsion-free. If an arbitrary affine connection rather
than the Levi-Civita connection is considered, then mild generalizations of general
relativity can be deduced. For example, Einstein-Cartan gravity can be written in
terms of a metric and a metric-compatible but torsionful affine connection [1]. The
most general theory would be the case where the torsionful affine connection is not
metric-compatible. All of these structures are defined on the tangent bundle, which
is a Lie algebroid, and its dual cotangent bundle. By constructing analogous objects,
metric-affine geometries can be written on arbitrary Lie algebroids [2], [3].
Another example of theories of “geometric” origin comes from the low energy ef-
fective massless oriented closed bosonic string theory equations, which can be derived
from the variations of the following action
S[g,H, φ] =
∫
M
e−2φ
[
R(g∇, g) ∗g 1−
1
2
H ∧ ∗gH + 4dφ ∧ ∗gdφ
]
, (1.2)
where φ is a smooth function called the dilaton, and H is a closed 3-from, which is the
field strength of the Kalb-Ramond field. This action can be written in an Einstein-
Hilbert-like fashion by using local double field theory [4]. It is a classical field theory
on a so-called “doubled-manifold” in order to incorporate T -duality of string theory as
a true symmetry. The constructions of this theory are closely related to Hitchin’s gen-
eralized geometry [5]1. In this setting, one can rewrite the above action (1.2) in terms
of a generalized geometric quantity called the generalized-Ricci scalar corresponding to
a generalized-metric and a generalized-Levi-Civita connection [6]2. In order to define
these analogous structures, one needs to use the language of exact Courant algebroids
and “generalize” the quantities on the tangent bundle. Moreover, exceptional field
theories, which include also U -duality, can be constructed on “higher” exact Courant
algebroids [8].
Lie algebroids, Courant algebroids and higher Courant algebroids are all special
cases of pre-Leibniz algebroids. Hence, a natural question arises about the formulation
of metric-connection geometries on an arbitrary pre-Leibniz algebroid. Regular pre-
Leibniz algebroids that are endowed with a locality structure allow one to construct
structures such as linear connections, metric, torsion, curvature and non-metricity ten-
sors [9]. This can be done in a way that restrictions on Lie, Courant and higher Courant
algebroids yield the structures in the usual, generalized and exceptional generalized ge-
ometries respectively. Most of the works on local double field theory and generalized
geometry literature focus on generalized-Levi-Civita connections with a small num-
ber of exceptions such as the teleparallel local double field theory [10] and deformed
1In local double field theory, almost identical structures are used, but they are constrained by section
conditions. In the double field theory literature, these structures are often mathematically “ill-defined”.
2This action can be written in the usual geometric setting if one considers Riemann-Cartan-Weyl
geometry [7].
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Weitzenbo¨ck connections [11]. The most arbitrary linear generalized-connections should
be studied to have a better understanding of generalized geometries. Working on such
linear connections in the pre-Leibniz algebroid setting is one of the main purposes of
this paper.
The organization of the paper is as follows. In section 2, after introducing the
notation of the paper, a detailed summary of metric-affine geometries will be given in
order to see the analogies between geometries. Constructions such as metric, affine con-
nection, corresponding torsion, curvature, non-metricity, Ricci tensors, and Ricci scalar
will be defined. In section 3, pre-Leibniz algebroids will be introduced and “generalized”
E-versions of the previous structures will be constructed for regular local pre-Leibniz
algebroids endowed with locality projectors. In this section, we will fill in some small
gaps in the literature by making the constructions with a possibly minimum number
of assumptions and parallel to metric-affine case. We will define locality structures
and locality projectors in order to define E-curvature. As analogous to Levi-Civita
connections, we will define E-Koszul connections, which will satisfy some interesting
properties and will be useful for some results. For example, we will prove a “simple”
generalization of the fundamental theorem of Riemannian geometry. Moreover, we will
show that E-metric-connection geometry yields a unique metric-affine geometry. In
section 4, generalized geometries on pre-Courant algebroids will be constructed as a
special case, and some general results which will hold for the case of exact Courant
algebroids will be proven. Moreover, we will prove that for exact almost-Courant alge-
broids, there is a unique locality projector, which is the one already used in the double
field theory literature. In the last section, concluding remarks and possible future
research directions will be discussed.
2 Metric-Affine Geometries on a Smooth Manifold
In this paper, every construction is assumed to be in the smooth category, and Einstein’s
summation convention for repeated indices is used. M denotes an orientable (second
countable, Hausdorff) manifold of dimension n ∈ N. Its tangent bundle T (M) is a
real vector bundle of rank n whose sections are vector fields. The set of vector fields is
denoted by X(M) and it forms a Lie algebra with the Lie bracket [·, ·] : X(M)×X(M)→
X(M), which is anti-symmetric and satisfies the Jacobi identity and the Leibniz rule.
X(M) is isomorphic to derivations on the set of smooth functions C∞(M,R), and the
action of a vector field V on a smooth function f will be denoted by V (f). The term,
local frame, will be used only for a local basis of T (M). On a local frame (Xa), the Lie
bracket satisfies [Xa,Xb] = γ
c
abXc for some {γ
c
ab}, which are called the anholonomy
coefficients. A local frame is called holonomic if all anholonomy coefficients vanish3.
The tangent bundle’s dual is the cotangent bundle T ∗(M) whose sections are exterior
differential 1-forms. A local frame (Xa) has the dual (e
a | ea(Xb) = δ
a
b) called a local
coframe, which is a local basis for T ∗(M), where δab is the Kronecker delta symbol.
(q, r)-type tensors over M are defined as the elements of
Tens(q,r)(M) := Γ

 q⊗
i=1
T (M)⊗
r⊗
j=1
T ∗(M)

 , (2.1)
where the set of sections of any fiber bundle E over M is denoted by Γ(E). On a local
frame (Xa) over a coordinate chart U , the components of a (q, r)-type tensor Z are
3Such a local frame always exists as it is induced by the coordinate maps on a local trivialization
chart.
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defined by
Z
a1...aq
b1...br
:= Z(ea1 , . . . , eaq ,Xb1 , . . . ,Xbr ), (2.2)
which are smooth functions over U . Ωp(M) denotes the set of exterior differential
p-forms, which are anti-symmetric (0, p)-type tensors. On the set of all exterior differ-
ential forms, there is a degree-1 graded derivation d : Ωp(M) → Ωp+1(M) called the
exterior derivative4, and a degree-(−1) graded anti-derivation ιV : Ω
p(M)→ Ωp−1(M)
called the interior product with respect to a vector field V . The action of the Lie
bracket [V, .] can be extended into whole tensor algebra by the Lie derivative LV :
Tens(q,r)(M)→ Tens(q,r)(M) with respect to the vector field V .
Metric-affine geometries are defined to be a triplet (M,g,∇)5 whereM is a (smooth,
orientable) manifold, g is a symmetric and non-degenerate (0, 2)-type tensor called
the metric6 and ∇ is an affine connection on M7 defined to be an R-bilinear map
∇ : X(M)× X(M)→ X(M), (U, V ) 7→ ∇UV satisfying
∇U (fV ) = U(f)V + f∇UV,
∇fUV = f∇UV, (2.3)
for all U, V ∈ X(M), f ∈ C∞(M,R). On a local frame (Xa), the connection coefficients
{Γ(∇)cab} are defined by
Γ(∇)abc := 〈e
a,∇XbXc〉, (2.4)
where the map 〈·, ·〉 : Ωp(M)× X(M)→ Ωp−1(M) is given by
〈ω, V 〉 := ιV ω, (2.5)
for all ω ∈ Ωp(M), V ∈ X(M)8. The action of an affine connection can be extended into
the whole tensor algebra by the Leibniz rule, and it induces a map called the exterior
covariant derivative, which will be denoted by the same symbol ∇ : Tens(q,r)(M) →
Tens(q,r+1)(M), Z 7→ ∇Z
(∇Z)(ω1, . . . , ωq, U, V1, . . . Vr) := (∇UZ)(ω1, . . . , ωq, V1, . . . Vr)
:= U (Z(ω1, . . . , ωq, V1, . . . , Vr))
−
q∑
i=1
Z(ω1, . . . ,∇Uωi, . . . , ωq, V1, . . . , Vr)
−
r∑
j=1
Z(ω1, . . . , ωq, V1, . . . ,∇UVj , . . . , Vr), (2.6)
for all ωi ∈ Ω
1(M), Vj , U ∈ X(M).
The non-metricity tensor corresponding to an affine connection ∇ and a metric g
is defined to be the following (0, 3)-type tensor
Q(∇, g) := ∇g. (2.7)
4d2 = 0, so it defines the de Rham cohomology HdR(M).
5As we will see, a more appropriate notation for the next sections would be the quadruplet
(M, (T (M), idT (M), [·, ·], [0], 0), g,∇), where idX stands for the identity map in a set X.
6The metric g induces an isomorphism, which will be denoted by the same symbol g : X(M) →
Ω1(M) given by g(u)(v) := g(u, v), for all u, v ∈ T (M). It also induces another isomorphism ∗g :
Ωp(M)→ Ωn−p(M), which is called the Hodge star isomorphism.
7This is a linear vector bundle connection on T (M).
8Note that Ω0(M) = C∞(M,R).
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If Q(∇, g) = 0, then the affine connection ∇ is called metric-g-compatible. Every
manifold with a metric g admits a metric-g-compatible connection. On a local frame
(Xa), the non-metricity components read
Q(∇, g)abc = Xa(gbc)− Γ(∇)
d
abgdc − Γ(∇)
d
acgbd. (2.8)
The torsion operator of an affine connection ∇ is defined as a map T (∇) : X(M)×
X(M)→ X(M),
T (∇)(U, V ) := ∇UV −∇V U − [U, V ], (2.9)
for all U, V ∈ X(M). If T (∇)(U, V ) vanishes for all U, V ∈ X(M), then ∇ is called
torsion-free. T (U, V ) is C∞(M,R)-bilinear, so the torsion tensor, which will be denoted
by the same symbol, is a (1, 2)-type tensor defined as
T (∇)(ω,U, V ) := 〈ω, T (∇)(U, V )〉, (2.10)
for all ω ∈ Ω1(M), U, V ∈ X(M). On a local frame (Xa), the torsion components read
T (∇)abc = Γ(∇)
a
bc − Γ(∇)
a
cb − γ
a
bc. (2.11)
Note that due to anti-symmetry of the Lie bracket, the torsion operator is also anti-
symmetric so that T (∇)abc is anti-symmetric in b and c.
The curvature operator of an affine connection ∇ is defined as a map R(∇) : X(M)×
X(M) × X(M)→ X(M),
R(∇)(U, V,W ) := ∇U∇VW −∇V∇UW −∇[U,V ]W, (2.12)
for all U, V,W ∈ X(M). R(∇)(U, V,W ) is C∞(M,R)-multilinear, so the curvature
tensor is defined as a (1, 3)-type tensor given by
R(∇)(ω,U, V,W ) := 〈ω,R(∇)(U, V,W )〉, (2.13)
for all ω ∈ Ω1(M), U, V,W ∈ X(M). On a local frame (Xa), the curvature components
read
R(∇)abcd = Xb (Γ(∇)
a
cd)−Xc (Γ(∇)
a
bd) + Γ(∇)
e
cdΓ(∇)
a
be
− Γ(∇)ebdΓ(∇)
a
ce − γ
e
bcΓ(∇)
a
ed. (2.14)
Ricci tensor Ric(∇) of an affine connection ∇ is defined as the trace of the linear map
U 7→ R(∇)(U, V,W ). On a local frame (Xa), its components can be written as
Ric(∇)ab = R(∇)
c
cab. (2.15)
The Ricci scalar or scalar curvature R(∇, g) of an affine connection ∇ and a metric g
is defined as the trace of Ric(∇) with respect to g. On a local frame (Xa), it can be
written as
R(∇, g) = Ric(∇)abg
ab. (2.16)
According to Vermeil’s theorem, the Ricci scalar R(∇, g) is the only scalar invariant
that is linear in the second derivatives of the metric field g.
The fundamental theorem of Riemannian geometry states that there is a unique
torsion-free, metric-g-compatible affine connection g∇ called the Levi-Civita connection
associated to g given by the Koszul formula:
2g(g∇UV,W ) = U(g(V,W )) + V (g(U,W )) −W (g(U, V ))
− g([V,W ], U) − g([U,W ], V ) + g([U, V ],W ), (2.17)
4
for all U, V,W ∈ X(M) whose components read
Γ(g∇)abc =
1
2
gad [Xb (gcd) +Xc (gbd)−Xd (gbc)− γ
e
cdgeb − γ
e
bdgec + γ
e
bcged] (2.18)
on a local frame (Xa). Moreover, given a metric g, torsion T (∇) and non-metricity
Q(∇, g) tensors, one can uniquely determine the affine connection ∇ with the specified
torsion and non-metricity tensors [12]:
Γ(∇)abc =Γ(
g∇)abc +
1
2
gad
[
−Q(∇, g)bdc +Q(∇, g)dcb −Q(∇, g)cbd
− gecT (∇)
e
bd + gedT (∇)
e
bc − gebT (∇)
e
cd
]
. (2.19)
3 Metric-Connection Geometries on Local Pre-Leibniz Al-
gebroids
The aim of this section is to construct the geometric objects from the previous section
in a more general setting and to fill some small gaps in the literature while proving
some important results9. Closely following [9], these constructions will be done with
the minimum number of assumptions by copying the structures and properties of the
tangent bundle, which is a vector bundle with the Lie bracket on its sections. For
instance, tensors on a manifold can be easily generalized on arbitrary vector bundles
because one can define dual vector bundles and tensor product of vector bundles. Let
E be a real vector bundle over a manifold M , with an abuse of notation, (q, r)-type
E-tensors on M are defined as
Tens(q,r)(E) := Γ

 q⊗
i=1
E ⊗
r⊗
j=1
E∗

 . (3.1)
Elements of X(E) := Γ(E) are called E-vector fields. For any real vector bundle E,
Γ(E) is a module over C∞(M,R), so one can construct a local basis for X(E), and such a
local basis (Xa) is called a local E-frame. Its dual (e
a | ea(Xb) = δ
a
b) is called a local E-
coframe. Components of an E-tensor are defined in the usual way with respect to local
E-frames and local E-coframes. Anti-symmetric (0, p)-type E-tensors are called E-
exterior p-forms, and their set is denoted by Ωp(E). With the anti-symmetrized tensor
product, the set of all E-exterior p-forms becomes an anti-commutative graded algebra
over C∞(M,R). It has a degree-(−1) graded anti-derivation ιv : Ω
p(E) → Ωp−1(E)
defined by ιvΩ(u1, . . . , up−1) := Ω(v, u1, . . . , up−1) for all Ω ∈ Ω
p(E), v, ui ∈ X(E),
which is called the E-interior product with respect to the E-vector field v.
Definition 3.1. A (0, 2)-type E-tensor is called an E-metric if it is symmetric and
non-degenerate10.
Every E-metric g induces an isomorphism, which will be denoted by the same symbol
g : Γ(E) → Γ(E∗) given by g(u)(v) := g(u, v) for all u, v ∈ Γ(E). Let {Ui} be
the connected components of M and rank(E|Ui) = mi ∈ N, then g also induces an
isomorphism ∗g : Ω
p(E|Ui) → Ω
mi−p(E|Ui) for all Ui, which is called E-Hodge-star
isomorphism, generalizing the usual Hodge-star [13].
9One should be careful about the definitions of this section when comparing them with the ones
that exist in literature. Assumptions of the defining properties of algebroids might change from paper
to paper.
10It is just a fiber-wise metric on E.
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In order to define the E-version of affine connections, one needs to find a way to act
on smooth functions via E-vector fields. If one considers anchored vector bundles, this
can be done with the help of usual vector fields. An anchored vector bundle over M
is a doublet (E, ρ) where E is a vector bundle over M , and ρ : E → T (M) is a vector
bundle morphism over idM
11.
Definition 3.2. For an anchored vector bundle (E, ρ), a linear E-connection is defined
as an R-bilinear map ∇ : X(E) × X(E)→ X(E), (u, v) 7→ ∇uv satisfying
∇u(fv) = ρ(u)(f)v + f∇uv,
∇fuv = f∇uv, (3.2)
for all u, v ∈ X(E), f ∈ C∞(M,R) [2]12.
As in the usual case, on a local E-frame (Xa), E-connection coefficients can be defined
as
Γ(∇)abc := 〈e
a,∇XbXc〉, (3.3)
where the map 〈·, ·〉 : Ωp(E) × X(E) → Ωp−1(E) is defined by 〈Ω, v〉 := ιv(Ω), for all
Ω ∈ Ωp(E), v ∈ X(E)13. A usual vector bundle connection ∇˜ on E induces a linear
E-connection by ∇uv := ∇˜ρ(u)v. Hence, the existence of vector bundle connections
implies that linear E-connections exist.
Proposition 3.1. The set of all linear E-connections is an affine space C modeled on
Tens(1,2)(E).
Proof. Due to the E-connection independent term ρ(u)(f)v in the definition (3.2)
of a linear E-connection, the difference between two linear E-connections ∇,∇′ is
C∞(M,R)-bilinear:
∆(∇,∇′)(u, v) := ∇uv −∇
′
uv, (3.4)
for all u, v ∈ X(E), so that one can define the difference E-tensor as a (1, 2)-type
E-tensor, which will be denoted by the same symbol
∆(∇,∇′)(Ω, u, v) := 〈Ω,∆(∇,∇′)(u, v)〉,
∆(∇,∇′)abc = Γ(∇)
a
bc − Γ(∇
′)abc. (3.5)
Similar to the usual case (2.6), the action of a linear E-connection can be also ex-
tended to all E-tensors by the Leibniz rule, and it induces a map ∇ : Tens(q,r)(E) →
Tens(q,r+1)(E), which is called the E-exterior covariant derivative . The only difference
is that the second line in the equation (2.6) should start with ρ(u).
Definition 3.3. The E-non-metricity tensor14 corresponding to a linear E-connection
∇ and an E-metric g is defined as the (0, 3)-type E-tensor
Q(∇, g) := ∇g. (3.6)
11Any vector bundle morphism ψ : E → F over idM induces a map, which will be denoted by the
same letter, ψ : Γ(E)→ Γ(F ) defined by ψ(u)(m) := ψ(u(m)) for all u ∈ Γ(E),m ∈M . The opposite
is also true, so these two maps will be used interchangeably.
12As in the usual case, an E-connection can be defined on any vector bundle F as a map ∇ :
X(E) × X(F ) → X(F ) satisfying the same properties. An E-connection on E itself is called a linear
E-connection.
13Note that Ω0(E) = C∞(M,R), as in the usual case.
14A better name would be E-non-metricity E-tensor, but we will omit the second E for aesthetic
reasons.
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If Q(∇, g) = 0, then ∇ is called E-metric-g-compatible. Every vector bundle admits
usual fiber-wise metric-compatible vector bundle connections, so the corresponding
induced ones define E-metric-compatible linear E-connections. On a local E-frame
(Xa), components of the E-non-metricity tensor read
Q(∇, g)abc = ρ(Xa)(gbc)− Γ(∇)
d
abgdc − Γ(∇)
d
acgbd. (3.7)
For the constructions such as torsion and curvature operators, one needs to in-
troduce a bracket on E-vector fields. A bracket on a vector bundle E is an R-
bilinear map [·, ·]E : X(E) × X(E) → X(E). For a vector bundle E with a bracket
[·, ·]E , E-anholonomy coefficients {γ
a
bc} can be defined identical to the usual case:
γabc := 〈e
a, [Xb,Xc]E〉 over a local E-frame (Xa). For an anchored vector bundle (E, ρ)
with a bracket [·, ·]E , the pseudo-E-torsion map T
(0)(∇) : X(E) × X(E) → X(E) and
the pseudo-E-curvature map R(0)(∇) : X(E) × X(E) × X(E) → X(E) of a linear E-
connection ∇ are defined by
T (0)(∇)(u, v) := ∇uv −∇vu− [u, v]E , (3.8)
R(0)(∇)(u, v, w) := ∇u∇vw −∇v∇uw −∇[u,v]Ew, (3.9)
for all u, v, w ∈ X(E).
In order to define E-tensorial objects from these maps, C∞(M,R)-linearity in each
component is required. Hence, one needs to know how the C∞(M,R)-module structure
is affected by the bracket.
Definition 3.4. An (right) almost-Leibniz algebroid over M is a triplet (E, ρ, [·, ·]E )
where (E, ρ) is an anchored real vector bundle overM , [·, ·]E is a bracket on E satisfying
the right-Leibniz rule
[u, fv]E = ρ(u)(f)v + f [u, v]E , (3.10)
for all u, v ∈ X(E), f ∈ C∞(M,R).
In this case, one can define “Leibniz derivative”15 of an E-tensor completely analogous
to the usual Lie bracket and Lie derivative relation. One should also deal with the first
entry of the bracket.
Definition 3.5. A local almost-Leibniz algebroid is a quadruplet (E, ρ, [·, ·]E , L) where
(E, ρ, [·, ·]E ) is an almost-Leibniz algebroid, and L : Ω
1(E)×X(E)×X(E) → X(E) is a
C∞(M,R)-multilinear map, called the locality operator, satisfying the left-Leibniz rule
[14], [9]
[fu, v]E = −ρ(v)(f)u+ f [u, v]E + L(Df, u, v), (3.11)
for all u, v ∈ X(E), f ∈ C∞(M,R), where D : C∞(M,R) → Ω1(E) is the coboundary
map defined by (Df)(u) := ρ(u)(f) [15]16.
Note that D is related to usual exterior derivative d : C∞(M,R) → Ω1(M) by D =
ρ∗ ◦ d, where ρ∗ : T ∗(M) → E∗ is the coanchor defined as the transpose of ρ, i. e.
ρ∗(ω)(u) := ρ(u)(ω), for all ω ∈ Ω1(M), u ∈ X(E).
Since L is C∞(M,R)-multilinear, the (2, 2)-type locality E-tensor can be defined
as
L(Ω,Υ, u, v) := 〈Ω, L(Υ, u, v)〉, (3.12)
for all Ω,Υ ∈ Ω1(E), u, v ∈ X(E). Note that in the equation (3.11), one only deals with
the E-exterior 1-forms which are in the image of the coboundary map D. This leads
us to the following definition:
15Some authors call it Dorfman derivative or E-Lie derivative.
16Such a bracket will be called a local almost-Leibniz bracket, and this naming will be done for other
type of brackets too.
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Definition 3.6. On an anchored vector bundle (E, ρ), any two C∞(M,R)-multilinear
maps L, L˜ : Ω1(E) ×X(E) × X(E)→ X(E) will be called locally equivalent if
L(Df, u, v) = L˜(Df, u, v),
for all f ∈ C∞(M,R), u, v ∈ X(E). Clearly, this is an equivalence relation, and an
equivalence class [L˜] will be called a locality structure on (E, ρ).
Any two maps from the same locality structure define the same left-Leibniz rule, triv-
ially. Hence, we will denote a local almost-Leibniz algebroid also by (E, ρ, [·, ·]E , [L]).
Locality structures allow one to relate linear E-connections and local almost-Leibniz
algebroid brackets.
Proposition 3.2. Let [L˜] be a locality structure on an anchored vector bundle (E, ρ).
Then the set of all local almost-Leibniz brackets corresponding to that locality structure
defines an affine space [L˜]B modeled on Tens(1,2)(E), and there is an affine map NT :
C→ [L˜]B,∇ 7→ N [·, ·]∇ defined by
N [u, v]∇ := ∇uv −∇vu+N(∇, L)(u, v), (3.13)
for any R-bilinear map N(∇, L) : X(E)× X(E)→ X(E) satisfying for any L ∈ [L˜],
N(∇, L)(fu, v) = L(Df, u, v) + fN(∇, L)(u, v),
N(∇, L)(u, fv) = fN(∇, L)(u, v), (3.14)
for all u, v ∈ X(E), f ∈ C∞(M,R).
Proof. Let [·, ·]E and [·, ·]
′
E be two local almost-Leibniz brackets with the locality op-
erator L,L′ which are locally equivalent. Then as L and L′ are locally equivalent
[fu, v]E − [fu, v]
′
E = {−ρ(v)(f)u+ f [u, v]E + L(Df, u, v)}
−
{
−ρ(v)(f)u+ f [u, v]′E + L
′(Df, u, v)
}
= f
{
[u, v]E − [u, v]
′
E
}
,
for all f ∈ C∞(M,R), u, v ∈ X(E). Similarly, it can be shown that the difference is
C∞(M,R)-linear in v. Hence, [L˜]B is an affine space modeled on Tens(1,2)(E). Now,
let ∇ be a linear E-connection
N
T(∇)(fu, v) = ∇fuv −∇v(fu) +N(∇, L)(fu, v)
= f∇uv − [ρ(v)(f)u+ f∇vu] + L(Df, u, v) + fN(∇, L)(u, v)
= −ρ(v)(f)u+ f NT(∇)(u, v) + L(Df, u, v),
which is the same as (3.11) by the assumption (3.14) on N(∇, L). Similarly, it can be
shown that it satisfies (3.10) for NT(∇)(u, fv). Hence NT(∇) is a map from C to [L˜]B.
One can directly check that it is affine by using similar arguments.
Similarly, one can explicitly check that T (0)(∇) is not C∞(M,R)-linear in the first entry.
As in the proposition (3.2), locality structures allow one to modify pseudo-E-torsion
map to have C∞(M,R)-bilinearity.
Corollary 3.1. Given a locality structure [L˜] on a local almost-Leibniz algebroid, then
for any N(∇, L) satisfying (3.14)
NT (∇)(u, v) := T (0)(∇)(u, v) +N(∇, L)(u, v) (3.15)
is C∞(M,R)-bilinear for any L ∈ [L˜].
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Proof. It is actually same thing as the proposition (3.2) stated differently.
Corollary 3.2. Given a locality structure [L˜] on a local almost-Leibniz algebroid, then
LT (∇)(u, v) := T (0)(∇)(u, v) + L(ea,∇Xau, v) (3.16)
is C∞(M,R)-bilinear for any L ∈ [L˜], where (Xa) is a local E-frame [9].
Proof. By the fact that ρ(Xa)(f)e
a = (Df)(Xa)e
a = Df for all f ∈ C∞(M,R), one can
explicitly check that for any L ∈ [L˜], L(ea,∇Xau, v) satisfies the necessary properties
in (3.14), and this makes LT (∇)(u, v) in the equation (3.16) C∞(M,R)-bilinear.
This is actually valid for L(ea,∇′Xau, v) for any linear E-connection ∇
′, but using the
same linear E-connection ∇ is more natural. One should note that the extra term’s first
entry is ea, which can be outside of the image of the coboundary operator. Moreover,
with this notation T (0)(∇) = 0T (∇).
Definition 3.7. Given a fixed locality structure representative L on a local almost-
Leibniz algebroid, the operator LT (∇) : X(E) × X(E) → X(E) defined by (3.16) is
called the E-torsion operator of the linear E-connection ∇, and the E-torsion tensor
is defined as the (1, 2)-type E-tensor
LT (∇)(Ω, u, v) := 〈Ω, LT (∇)(u, v)〉, (3.17)
for all Ω ∈ Ω1(E), u, v ∈ X(E).
If LT (∇)(u, v) = 0, for all u, v ∈ X(E), then ∇ is called E-torsion-free. On a local
E-frame (Xa), components of the E-torsion tensor read
LT (∇)abc = Γ(∇)
a
bc − Γ(∇)
a
cb − γ
a
bc + Γ(∇)
e
dbL
ad
ec. (3.18)
Modification of the pseudo-E-curvature map to have C∞(M,R)-multilinearity re-
quires more assumptions. First, ρ should be a morphism of anchored vector bundles
with a bracket, i. e.
ρ([u, v]E) = [ρ(u), ρ(v)], (3.19)
for all u, v ∈ X(E)17.
Definition 3.8. An almost-Leibniz algebroid whose anchor and bracket satisfy (3.19)
is called a pre-Leibniz algebroid [16].
A sufficient condition for an almost-Leibniz algebroid (E, ρ, [·, ·]E ) to be a pre-
Leibniz algebroid is that (X(E), [·, ·]E ) forms a (right) Leibniz algebra, i. e. it should
satisfy the (right) Leibniz identity
[u, [v,w]E ]E = [[u, v]E , w]E + [v, [u,w]E ]E , (3.20)
for all u, v, w ∈ X(E). In this case, (E, ρ, [·, ·]E ) is called a (right) Leibniz algebroid.
On the other hand, this condition is not necessary; for example, every almost-Leibniz
algebroid with ρ = 0 is a pre-Leibniz algebroid, trivially. Every Leibniz algebroid
satisfies the following property due to (3.20)
[[u, v]E + [v, u]E , w]E = 0, (3.21)
for all u, v, w ∈ X(E). Moreover, for a local Leibniz algebroid E over M , there is a
natural Leibniz algebroid structure on E|U for every open U ⊂ M [17], so that the
name, locality, is well-chosen.
17And also, idT (M) ◦ ρ = ρ, which is trivially satisfied.
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Proposition 3.3. Given a locality structure [L˜] on a local pre-Leibniz algebroid, the
following map is C∞(M,R)-multilinear:
MR(∇)(u, v, w) := ∇u∇vw −∇v∇uw −∇[u,v]Ew +M(∇, L)(u, v, w), (3.22)
for any R-multilinear map M(∇, L) : X(E)× X(E)× X(E)→ X(E) satisfying for any
L ∈ [L˜]
M(∇, L)(fu, v, w) = ∇L(Df,u,v)w + fM(∇, L)(u, v, w),
M(∇, L)(u, fv,w) =M(∇, L)(u, v, fw) = fM(∇, L)(u, v, w), (3.23)
for all u, v, w ∈ X(E), f ∈ C∞(M,R).
Proof. C∞(M,R)-linearity conditions for u and v are similar for the previous proposi-
tions.
MR(∇)(u, v, fw) = ∇u∇v(fw)−∇v∇u(fw)−∇[u,v]E(fw) +M(u, v, fw)
= ∇u [ρ(v)(f)w + f∇vw]−∇v [ρ(u)(f)w + f∇uw]
− ρ([u, v]E)(f)w + f∇[u,v]Ew + fM(u, v, w)
= {ρ(u)(ρ(v)(f)) − ρ(v)(ρ(u))(f) − ρ([u, v]E)(f)}w
+ f MR(∇)(u, v, w) + ρ(u)(f)∇vw − ρ(u)(f)∇vw
+ ρ(v)(f)∇uw − ρ(v)(f)∇uw
= {[ρ(u), ρ(v)](f) − ρ([u, v]E)(f)}w + f
MR(∇)(u, v, w)
= f MR(∇)(u, v, w)
for all f ∈ C∞(M,R), u, v, w ∈ X(E), where the last step follows from the assumption
(3.19) for pre-Leibniz algebroids.
In the following statements, the kernel of the anchor map ρ will be relevant. Vector
bundles do not form an abelian category, meaning that kernels and cokernels of vector
bundle morphisms do not have to be vector bundles themselves. The kernel of a vector
bundle morphism ψ : E → F is a subbundle if and only if ψ is of locally constant rank,
i. e. ker(ψ) has a locally constant rank.
Definition 3.9. An anchored vector bundle (E, ρ) is said to be regular if ρ is of locally
constant rank.
Proposition 3.4. On a regular anchored vector bundle (E, ρ), let N(∇, L) be as in
(3.14) with im(N) ⊂ ker(ρ), then ∇N(∇,L)(u,v)w satisfies the properties (3.23).
Proof. By the properties (3.2) of E-connections, (3.14) of N(∇, L)
∇N(∇,L)(fu,v)w = ∇L(Df,u,v)+fN(∇,L)(u,v)w = ∇L(Df,u,v)w + f∇N(∇,L)(u,v)w,
∇N(∇,L)(u,fv)w = ∇fN(∇,L)(u,v)w = f∇N(∇,L)(u,v)w,
∇N(∇,L)(u,v)(fw) = ρ(N(∇, L)(u, v))w + f∇N(∇,L)(u,v)w = f∇N(∇,L)(u,v)w,
where the last step in the last equation follows from the assumption im(N) ⊂ ker(ρ).
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For a local pre-Leibniz algebroid, one has (ρ ◦L)(Df, u, v) = 0, for all u, v ∈ X(E), f ∈
C∞(M,R). If one can find a way to make this true outside of the image of the cobound-
ary map D, then by the proposition (3.4), L(ea,∇Xau, v) would be helpful to define
E-curvature map. With the assumption that (E, ρ) is regular, the necessary structure
for this purpose is a “projector” which maps [L˜] to a sub-equivalence class of [L˜] whose
elements’ images are in ker(ρ).
Definition 3.10. Let [L] be a locality structure on a regular anchored vector bundle
(E, ρ). A locality projector is defined to be a C∞(M,R)-linear map P : X(E) → X(E)
satisfying Lˆ := P ◦ L ∈ [L˜] for all L ∈ [L˜] such that im(Lˆ) ⊂ ker(ρ). It is C∞(M,R)-
linear, so one can define a (1, 1)-type locality projector E-tensor as P (Ω, u) := 〈Ω, P (u)〉,
for all Ω ∈ Ω1(E), u ∈ X(E).
Corollary 3.3. Given a locality structure [L˜] with a locality projector P on a regular
local pre-Leibniz algebroid,
LˆR(∇)(u, v, w) := R(0)(∇)(u, v, w) +∇
Lˆ(ea,∇Xau,v)
w, (3.24)
is C∞(M,R)-multilinear for any L ∈ [L˜], where Lˆ = P◦L, and (Xa) is a local E-frame.
Proof. Direct consequence of the corollary (3.2) and propositions (3.3, 3.4).
Definition 3.11. Given a fixed locality structure representative L on a regular local
pre-Leibniz algebroid with a locality projector P, the operator LˆR(∇) : X(E) × X(E) ×
X(E) → X(E) defined by (3.24) is called the E-curvature operator of the linear E-
connection ∇, and the E-curvature tensor is defined as a (1, 3)-type E-tensor
LˆR(∇)(Ω, u, v, w) := 〈Ω, LˆR(∇)(u, v, w)〉, (3.25)
for all Ω ∈ Ω1(E), u, v, w ∈ X(E).
On a local E-frame (Xa), the E-curvature components read
LˆR(∇)abcd = ρ(Xb) (Γ(∇)
a
cd)− ρ(Xc) (Γ(∇)
a
bd) + Γ(∇)
e
cdΓ(∇)
a
be
− Γ(∇)ebdΓ(∇)
a
ce − γ
e
bcΓ(∇)
a
ed + Γ(∇)
f
ebΓ(∇)
a
gdLˆ
ge
fc, (3.26)
where Lˆabcd = L
ae
cdP
b
e. E-Ricci tensor and E-Ricci scalar are defined as in the usual
case, and
LˆRic(∇)ab =
LˆR(∇)ccab, (3.27)
LˆR(∇, g) = LˆRic(∇)abg
ab, (3.28)
on a local E-frame (Xa) [9].
With all these structure, we are ready to give the main definition of this paper.
Definition 3.12. E-metric-connection geometries are defined as a quadruplet (M, (E, ρ,
[·, ·]E , [L],P), g,∇), where M is a manifold, (E, ρ, [·, ·]E , [L],P) is a regular local pre-
Leibniz algebroid over M with a locality projector P on the locality structure [L], g is
an E-metric, and ∇ is a linear E-connection.
In order to simplify the constructions, the same representative of [L] will be chosen
for all structures. Moreover, if a pre-Leibniz algebroid is denoted by a unique locality
operator L, then it should be understood that the structures are defined with respect
to this L.
One can prove that E-metric-connection geometries “generalize” metric-affine ge-
ometries:
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Theorem 3.1. (M, (T (M), idT (M) , [·, ·], [0], 0), g,∇) induces a unique metric-affine ge-
ometry on M .
Proof. When one considers T (M) as the vector bundle in the constructions, T (M)-
tensors are automatically the usual tensors; in particular this applies for the T (M)-
metric g. Due to the fact that the anchor is the identity map idT (M), linear T (M)-
connections are the usual affine connections. This makes T (M)-non-metricity tensors
coincide with the usual ones. The Lie bracket [·, ·] satisfies the necessary conditions
for a local almost-Leibniz bracket with L = 0 as it is anti-symmetric (see the proof of
the proposition 3)). Hence, (T (M), idT (M), [·, ·], [0]) is a local almost-Leibniz algebroid.
Since, idT (M) is the anchor, it is actually a regular pre-Leibniz algebroid. Moreover,
T (M)-torsion and T (M)-curvature operators coincide with the usual definitions for
L = 0,P = 0. Yet, these operators could have been defined in terms of any 0 6= L ∈ [0].
One can show that such L does not exist as the coboundary map D coincides with the
exterior derivative d acting on smooth functions: Df(U) = idT (M)(U)(f) = U(f) =
df(U) for f ∈ C∞(M,R), U ∈ X(M), so that D = d. Let L ∈ [0] be distinct from
0, then because L and 0 are locally equivalent and D = d, one has L(Df,U, V ) =
L(df, u, v) = 0(df, u, v) = 0, for all f ∈ C∞(M,R), U, V ∈ X(M). Remembering the
additional term L(ea,∇Xau, v) for E-torsion and E-curvature, one needs to show that
L should be equal to 0 outside of the image of the exterior derivative, i. e. on non-
exact 1-forms. On a local trivialization chart, any 1-form ω can be written as ω = ωidx
i
for some {ωi} ⊂ C
∞(M,R) as (dxi) forms a local frame for T ∗(M). Hence, as L is
C∞(M,R)-multilinear
L(ω,U, V ) = L(ωidx
i, U, V ) = ωiL(dx
i, U, V ) =
n∑
i=1
(ωi0) = 0,
which is a contradiction. Therefore, one has [0] = {0} so that this generalization is
unique.
Proposition 3.5. Given an E-metric g and two linear E-connections ∇ and ∇′, their
E-non-metricity, E-torsion and E-curvature components are related by
Q(∇, g)abc = Q(∇
′, g)abc −∆(∇,∇
′)dabgdc −∆(∇,∇
′)dacgbd,
LT (∇)abc =
LT (∇′)abc +∆(∇,∇
′)abc −∆(∇,∇
′)acb +∆(∇,∇
′)debL
ae
dc, (3.29)
LˆR(∇)abcd =
LˆR(∇′)abcd +
LˆR(∆(∇,∇′))abcd
+ Γ(∇′)ecd∆(∇,∇
′)abe − Γ(∇
′)ebd∆(∇,∇
′)ace
+ Γ(∇′)abe∆(∇,∇
′)ecd − Γ(∇
′)ace∆(∇,∇
′)ebd
+ Γ(∇′)feb∆(∇,∇
′)agdLˆ
ge
fc + Γ(∇
′)agd∆(∇,∇
′)febLˆ
ge
fc, (3.30)
where {LˆR(∆(∇,∇′))abcd} are defined in a similar way to E-curvature tensor com-
ponents but in terms of the components of the difference E-tensor instead of the E-
connection coefficients.
Proof. It is a trivial result of the equations (3.5, 3.7, 3.18 and 3.27).
Definition 3.13. A linear E-connection ∇ is called an E-Levi-Civita connection cor-
responding to an E-metric g if it is E-torsion-free and E-metric-g-compatible.
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Corollary 3.4. In order to make a linear E-connection ∇ an E-Levi-Civita connection,
the difference E-tensor components for any linear E-connection ∇′ should satisfy
∆(∇,∇′)dabgcd +∆(∇,∇
′)dacgbd = Q(∇
′, g)abc, (3.31)
∆(∇,∇′)abc −∆(∇,∇
′)acb +∆(∇,∇
′)debL
ae
dc = −
LT (∇′)abc. (3.32)
Proof. These equations directly follow from the equation (3.29).
Proposition 3.6. NT : C→ [L˜]B defined as in the proposition (3.3) for N(∇, L)(u, v) =
L(ea,∇Xau, v) for a local E-frame (Xa) is an affine surjection if
L(ea, Z(Xa, u), v) = Z(v, u) ± Z(u, v), (3.33)
for all C∞(M,R)-bilinear maps Z : X(E) × X(E) → X(E), u, v ∈ X(M) and for all
local E-frames (Xa). For both cases, E-Levi-Civita connections always exist.
Proof. Let ∇˜ be a linear E-connection with the corresponding local almost-Leibniz
bracket N [·, ·]
∇˜
, and [·, ·]′ any local almost-Leibniz bracket. By the proposition (3.2),
[L˜]B is an affine space modeled on Tens(1,2)(E) so that there exits a C∞(M,R)-bilinear
map K : X(E)× X(E)→ X(E) such that
[u, v]′ − N [u, v]
∇˜
= K(u, v),
for all u, v ∈ X(E). C is also an affine space modeled on Tens(1,2)(E) so as in the
equation (3.5), for any linear E-connection ∇
∇− ∇˜ = ∆(∇, ∇˜)
defines a (1, 2)-type E-tensor. First, consider L(ea, Z(Xa, u), v) = Z(v, u) + Z(u, v)
case:
N
T(∇)(u, v) = N [u, v]∇
= ∇uv −∇vu+ L(e
a,∇Xau, v)
= ∇˜uv +∆(∇, ∇˜)(u, v) − ∇˜vu−∆(∇, ∇˜)(v, u) + L(e
a, ∇˜Xau, v)
+ L(ea,∆(∇, ∇˜)(Xa, u), v)
= N [u, v]
∇˜
+∆(∇, ∇˜)(u, v) −∆(∇, ∇˜)(v, u)
+ ∆(∇, ∇˜)(u, v) + ∆(∇, ∇˜)(v, u)
= N [u, v]
∇˜
+ 2∆(∇, ∇˜)(u, v),
where the assumption (3.33) is used. Hence, if one chooses
∆(∇, ∇˜)(u, v) =
1
2
K(u, v),
then NT(∇) = [·, ·]′ so that the map is surjective. Since the map is surjective, for every
local almost-Leibniz bracket, there is a linear E-connection ∇ such that E-torsion
map defined by (3.16) vanishes. Hence, ∇ is E-torsion-free. This also means that if the
assumption (3.33) holds, then the equation (3.31) is the decomposition of the E-torsion
into its anti-symmetric and symmetric parts.
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For this case, one can define the E-contorsion tensor C(∇, g) as an E-tensor whose
components are given by
C(∇, g)abc := T (∇)[abc],
where the index lowering by the E-metric g is used, and [· · · ] denote the total anti-
symmetrization of the indices. By direct computation one can show that for a metric-
g-compatible linear E-connection ∇, one can construct an E-Levi-Civita connection
∇′ if ∆(∇,∇′) = C(∇, g).
Similarly for the case L(ea, Z(Xa, u), v) = Z(v, u)− Z(u, v)
N
T(∇)(u, v) = N [u, v]∇ =
N [u, v]
∇˜
− 2∆(∇, ∇˜)(v, u),
Therefore, if one chooses
∆(∇, ∇˜)(u, v) = −
1
2
K(v, u),
then NT(∇) = [·, ·]′ so that the map is surjective, and an E-torsion-free E-connection
exists. This case yields a “pathological” fact about the E-torsion: Every linear E-
connection has the same E-torsion by the equation (3.29), so that every E-connection
is E-torsion-free. In particular, every E-metric-compatible linear E-connections are
E-torsion-free, so E-Levi-Civita connections exist.
In general, E-Levi-Civita connections might not exist or when they exist they might
not be unique, as opposed to the usual case. One can try to find a linear E-connection
in the form analogous to the usual Koszul formula (2.17), but it does not define a linear
E-connection. Yet, similar to the pseudo-E-torsion map and pseudo-E-curvature map,
one can modify the Koszul formula to have a linear E-connection.
Proposition 3.7. On a local almost Leibniz algebroid endowed with an E-metric g and
a locality structure [L˜], the following modification of the Koszul formula (2.17) defines
a linear E-connection ∇
2g(∇uv,w) +K(∇, g, L)(u, v, w) = ρ(u)(g(v,w)) + ρ(v)(g(u,w)) − ρ(w)(g(u, v))
− g([v,w]E , u)− g([u,w]E , v) + g([u, v]E , w),
(3.34)
for any R-multilinear map K(∇, g, L) : X(E)×X(E)×X(E) → X(E) satisfying for any
L ∈ [L˜]
K(∇, g, L)(fu, v, w) = −g(L(Df, u,w), v) + g(L(Df, u, v), w) + fK(∇, g, L)(u, v, w),
K(∇, g, L)(u, fv,w) = −g(L(Df, v,w), u) + fK(∇, g, L)(u, v, w),
K(∇, g, L)(u, v, fw) = fK(∇, g, L)(u, v, w), (3.35)
for all f ∈ C∞(M,R), u, v, w ∈ X(E).
Proof. One should check that the defining properties of linear E-connections (3.2) hold.
By linearity of g and the assumption (3.35)
2g(∇fuv,w) +K(∇, g, L)(fu, v, w) = 2g(∇fuv,w) − g(L(Df, u,w), v)
+ g(L(Df, u, v), w) + fK(∇, g, L)(u, v, w),
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{
ρ(fu)(g(v,w)) + ρ(v)(g(fu,w)) − ρ(w)(g(fu, v)) − g([v,w]E , fu)− g([fu,w]E , v)
+ g([fu, v]E , w)
}
= fρ(u)(g(v,w)) + ρ(v)(fg(u,w)) − ρ(w)(fg(u, v)) − fg([v,w]E , u)
− g(−ρ(w)(f)u + f [u,w]E + L(Df, u,w), v)
+ g(−ρ(v)(f)u + f [u, v]E + L(Df, u, v), w)
= fρ(u)(g(v,w)) + ρ(v)(f)g(u,w) + fρ(v)(g(u,w)) − ρ(w)(f)g(u, v) − fρ(w)(g(u, v))
− fg([v,w]E , u) + ρ(w)(f)g(u, v) − fg([u,w]E , v) − g(L(Df, u,w), v)
− ρ(v)(f)g(u,w) + fg([u, v]E , w) + g(L(Df, u, v, w)
= f
{
ρ(u)(g(v,w)) + ρ(v)(g(u,w)) − ρ(w)(g(u, v)) − g([v,w]E , u)
− g([u,w]E , v) + g([u, v]E , w)
}
− g(L(Df, u,w), v) + g(L(Df, u, v), w)
+ fK(∇, g, L)(u, v, w)
These two equations coincide if ∇fuv = f∇uv for all f ∈ C
∞(M,R), u, v ∈ X(E),
which is one of the needed properties. Similarly for the v entry, by using the fact that
g is symmetric
2g(∇u(fv), w) +K(∇, g, L)(u, fv,w) = 2g(∇u(fv), w) − g(L(Df, v,w), u)
fK(∇, g, L)(u, v, w),
{
ρ(u)(g(fv,w)) + ρ(fv)(g(u,w)) − ρ(w)(g(u, fv)) − g([fv,w]E , u)− g([u,w]E , fv)
+ g([u, fv]E , w)
}
= ρ(u)(fg(v,w)) + fρ(v)(g(u,w)) − ρ(w)(fg(u, v))
− g(−ρ(w)(f)v + f [v,w]E + L(Df, v,w), u) − fg([u,w]E , v)
+ g(ρ(u)(f)v + f [u, v]E , w)
= ρ(u)(f)g(v,w) + fρ(u)(g(v,w)) + fρ(v)(g(u,w)) − ρ(w)(f)g(u, v) − fρ(w)(g(u, v))
+ ρ(w)(f)g(v, u) − fg([v,w]E , u)− g(L(Df, v,w), u) − fg([u,w]E , v)
+ ρ(u)(f)g(v,w) + fg([u, v]E , w)
= ρ(u)(f)g(v,w) + f
{
ρ(u)(g(v,w)) + ρ(v)(g(u,w)) − ρ(w)(g(u, v)) − g([v,w]E , u)
− g([u,w]E , v) + g([u, v]E , w)
}
− g(L(Df, v,w), u)
Similarly these two equations coincide if ∇u(fv) = ρ(u)(f)v + f∇uv for all f ∈
C∞(M,R), u, v ∈ X(E), which is the other defining property of linear E-connections.
Moreover, one can also check for that both sides are C∞(M,R)-linear in w. Therefore,
the equation (3.34) defines a linear E-connection.
Proposition 3.8. The following map K(∇, g, L) : X(E) × X(E) × X(E) → X(E)
satisfies the necessary conditions (3.35)
K(∇, g, L)(u, v, w) :=− g(L(ea,∇Xav,w), u) − g(L(e
a,∇Xau,w), v)
+ g(L(ea,∇Xau, v), w), (3.36)
for all u, v, w ∈ X(E), where (Xa) is a local E-frame.
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Proof. Direct calculation by using the definition of a linear E-connection (3.2) and
multilinearity of g and L.
Definition 3.14. Given a fixed locality structure representative L on a local almost-
Leibniz algebroid, a linear E-connection, denoted by K∇, will be called an E-Koszul
connection if it satisfies the equation (3.34) with K(K∇, g, L) = K(K∇, g, L), which is
defined by the equation (3.36).
Clearly, this modification is not useful as the usual Koszul formula due to the extra
term K(K∇, g, L) so that one cannot directly compute its coefficients. Moreover, there
is no reason to have a unique E-Koszul connection for an arbitrary locality operator.
Nevertheless, E-Koszul connections have some interesting properties. On a local E-
frame (Xa), the equations (3.34) and (3.36) yield
Γ(K∇)abc =
1
2
gad
[
ρ(Xb) (gcd) + ρ(Xc) (gbd)− ρ(Xd) (gbc)
− γecdgeb − γ
e
bdgec + γ
e
bcged + Γ(
K∇)egcL
fg
edgfb
+ Γ(K∇)egbL
fg
edgfc − Γ(
K∇)egbL
fg
ecgfd
]
. (3.37)
Proposition 3.9. For an E-Koszul connection K∇, E-torsion and E-non-metricity
components satisfy
Q(K∇, g)abc = −
LT (K∇)fbcgfa. (3.38)
Proof. By the equation (3.37), E-torsion and E-non-metricity components of an E-
Koszul connection can be evaluated as
LT (K∇)abc =
1
2
[
Γ(K∇)edcL
ad
eb + Γ(
K∇)edbL
ad
ec − γ
a
bc − γ
a
cb
]
, (3.39)
Q(K∇, g) =
1
2
[
γ
f
bc + γ
f
cb − Γ(
K∇)edcL
fd
eb − Γ(
K∇)edbL
fd
ec
]
gfa. (3.40)
Hence, they satisfy the equation (3.38).
This result shows that conditions for being E-torsion-free and E-metric-g-compatible
are not independent from each other for an E-Koszul connection. Moreover, if an
E-Koszul connection is E-torsion-free, then it is automatically an E-Levi-Civita con-
nection. This hidden property is valid for usual Levi-Civita connections by the theorem
(3.1). Note that this E-torsion is symmetric in the components b and c, which is im-
possible for the usual case except for the torsion-free case.
Definition 3.15. An almost-Leibniz (respectively pre-Leibniz) algebroid (E, ρ, [·, ·]E )
is called an almost-Lie (respectively pre-Lie) algebroid if [·, ·]E is anti-symmetric [16].
Moreover, if the Leibniz identity (3.20) holds, it coincides with the Jacobi identity, and
(E, ρ, [·, ·]E ) is called a Lie algebroid.
Proposition 3.10. Any almost-Lie algebroid (E, ρ, [·, ·]E) becomes a local almost-
Leibniz algebroid with any locality operator L ∈ [0].
Proof. The bracket is anti-symmetric, so
[fu, v]E = −[v, fu]E
= −{ρ(v)(f)u + f [v, u]E}
= −ρ(v)(f)u+ f [u, v]E + 0.
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One should note that L = 0 does not mean that the bracket is anti-symmetric. More-
over, in general there is no reason to expect that 0 is the only element in [0], as there
would not be a local E-coframe of the type (Dxi) for some {xi} ⊂ C∞(M,R). Never-
theless, recall that this was the case for the tangent bundle.
Corollary 3.5. E-Levi-Civita connections exist for almost-Lie algebroids endowed with
a null locality operator.
Proof. Almost-Lie brackets are anti-symmetric, so by the proposition (3.4), their set
defines an affine space BA, which is modeled on the anti-symmetric (1, 2)-type E-
tensors. For the locality structure [0], 0T : C → [0]BA is an affine surjection by the +
case of the proposition (3.7) as one should consider (1, 2)-type anti-symmetric E-tensor
Z in the equation (3.33) so that both sides vanish. Hence, E-torsion-free connections
exist.
Due to the anti-symmetry of the bracket, for an almost-Lie algebroid the anholonomy
coefficients satisfy
γabc = −γ
a
bc, (3.41)
for every local E-frame (Xa).
Definition 3.16. A local almost-Leibniz algebroid whose E-anholonomy coefficients
for every local E-frame satisfy (3.41) will be referred as of Lie-type. Moreover, a local
E-frame that satisfies (3.41) will also be referred as a local E-frame of Lie-type.
The anti-symmetry of the anholonomy coefficients might be useful. For example, on a
Lie-type local almost-Leibniz algebroid, E-torsion components (3.39) of an E-Koszul
connection simplify as
LT (K∇)abc =
1
2
[
Γ(K∇)edcL
ad
eb + Γ(
K∇)edbL
ad
ec
]
. (3.42)
Hence the condition for an E-Koszul connection to be an E-Levi-Civita connection
becomes Γ(K∇)edcL
ad
eb = −Γ(
K∇)edbL
ad
ec. Note that this is similar to the general
condition for E-metric-g-compatibility on a g-orthonormal frame, namely Γ(∇)dabgdc =
−Γ(∇)dacgdb by the equation (3.7).
Trivially, all almost-Lie algebroids are of Lie-type, but there are Lie-type local
almost-Leibniz algebroids which are not almost-Lie algebroids. Yet, by some additional
assumptions, being of Lie-type can be made into a necessary and sufficient condition
for being an almost-Lie algebroid.
Proposition 3.11. Let (E, ρ, [·, ·]E , L) be a local almost-Leibniz algebroid such that L
satisfies the following property on a local E-frame (Xa)
uaL(Dvb,Xb,Xa) + v
bL(Dua,Xa,Xb) = 0, (3.43)
for all ua, vb ∈ C∞(M,R). Then (E, ρ, [·, ·]E , L) is of Lie-type if and only if (E, ρ, [·, ·]E )
is an almost Lie algebroid.
Proof. Let (E, ρ, [·, ·]E , L) is an almost Lie algebroid, then by anti-symmetry, for any
local E-frame (Xa)
[Xa,Xb]E = γ
c
abXc = −[Xb,Xa] = −γ
c
baXc,
and by the linear independence γcab = −γ
c
ba. Hence, without assuming the equation
(3.43), (E, ρ, [·, ·]E , L) is of Lie-type. Now assume that (E, ρ, [·, ·]E , L) is of Lie-type
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such that the equation (3.43) is satisfied. Let u, v ∈ X(E), and on a local E-frame
(Xa), let u = u
aXa, v = v
bXb for some u
a, vb ∈ C∞(M,R)
[u, v]E = [u
aXa, v
bXb]E
= −vbρ(Xb)(u
a)Xa + u
aρ(Xa)(v
b)Xb + u
avb[Xa,Xb] + v
bL(Dua,Xa,Xb)
= −vbρ(Xb)(u
a)Xa + u
aρ(Xa)(v
b)Xb − u
avb[Xb,Xa]− u
aL(Dvb,Xb,Xa)
= −[v, u]E ,
where while reversing the signs, both assumptions are used. Hence the bracket is
anti-symmetric so that (E, ρ, [·, ·]E , L) is an almost-Lie algebroid.
Note that if L is symmetric in u and v, then the condition (3.43) is equivalent to that
L ∈ [0] as D is a derivation on smooth functions, and L is C∞(M,R)-multilinear.
Corollary 3.6. Given L ∈ [0], (E, ρ, [·, ·]E , L) is of Lie-type if and only if (E, ρ, [·, ·]E )
is an almost Lie algebroid.
Proof. For any L ∈ [0], L(Df, u, v) = 0 for all f ∈ C∞(M,R), u, v ∈ X(E). Hence,
in particular both terms in the right-hand side of the equation (3.43) vanish, and the
equation is satisfied.
This little corollary is the reason behind the fact that one would not have to distin-
guish between the anti-symmetry of the bracket and anti-symmetry of the anholonomy
coefficients when dealing with Lie algebroids, and in particular the tangent bundle.
Corollary 3.7. Let (E, ρ, [·, ·]E , 0) be a local almost-Leibniz algebroid which is not of
Lie-type. Then, there is no E-Levi-Civita connections, and there is no holonomic local
E-frames.
Proof. Let ∇ be any E-Levi-Civita connection. For the case L = 0, the equation (3.31)
with ∇′ = K∇ yields
∆(∇, K∇)abc −∆(∇,
K∇)acb = −
1
2
(γabc + γ
a
cb),
by the equation (3.39). Note that the left-hand side is anti-symmetric in b and c while
the right-hand side is symmetric. This forces both sides to vanish. On the other hand,
the bracket is not anti-symmetric by the corollary (3.6), so the E-anholonomy coef-
ficients are not anti-symmetric in lower indices. This creates a contradiction which
implies that there is no E-Levi-Civita connection. Existence of a holonomic local E-
frame imply that E-torsion and E-non-metricity tensors of any E-Koszul connection
vanish. Yet this is not the case for any non-holonomic frame, which is again contradic-
tory. Therefore, there cannot exist any holonomic frame if E is not of Lie-type.
Theorem 3.2. On a local almost-Leibniz algebroid equipped with a null locality oper-
ator (E, ρ, [·, ·]E , 0), there exists a unique E-Koszul connection
K∇ defined by (3.14).
Moreover the components of any E-connection ∇ can be decomposed as
Γ(∇)abc = Γ(
K∇)abc +
1
2
gad
[
−Q(∇, g)bdc +Q(∇, g)dcb −Q(∇, g)cbd
− gec
0T (∇)ebd + ged
0T (∇)ebc − geb
0T (∇)ecd
]
. (3.44)
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Proof. For L = 0, the components of an E-Koszul connection (3.37) yield
Γ(K∇)abc =
1
2
gad
[
ρ(Xb) (gcd) + ρ(Xc) (gbd)− ρ(Xd) (gbc)
− γecdgeb − γ
e
bdgec + γ
e
bcged
]
.
As the Γ(K∇) dependence of the right-hand side vanishes, the solution for the E-
connection coefficients is automatically unique. Moreover, one can use Schouten’s trick
[12] exactly in the same way to find the symmetric and anti-symmetric parts (in lower
indices) of the E-connection components. As L = 0, by the equation (3.18), one has
for the anti-symmetric part (times two)
Γ(∇)abc − Γ(∇)
a
cb =
0T (∇)abc + γ
a
bc,
which is also true for the E-Koszul connection coefficients Γ(K∇) in particular. For
the symmetric part, consider the following combination on a local E-frame (Xa)
Q(K∇, g)abc −Q(
K∇, g)bca +Q(
K∇, g)cab = ρ(Xa)(gbc)− ρ(Xb)(gca) + ρ(Xc)(gab)
− gcd
[
Γ(K∇)dab − Γ(
K∇)dab
]
− gbd
[
Γ(K∇)dac + Γ(
K∇)dca
]
− gad
[
Γ(K∇)dcb − Γ(
K∇)dbc
]
= ρ(Xa)(gbc)− ρ(Xb)(gca) + ρ(Xc)(gab)
− gcd
[
0T (K∇)dab − γ
d
ab
]
− gbd
[
Γ(K∇)dac + Γ(
K∇)dca
]
− gad
[
0T (K∇)dcb − γ
d
cb
]
.
After singling out Γ(K∇)eac + Γ(
K∇)eca and multiplying both sides by g
eb, this yields
the symmetric part (times two)
Γ(K∇)eac + Γ(
K∇)eca = g
eb
{
−Q(K∇, g)abc +Q(
K∇, g)bca −Q(
K∇, g)cab
+ ρ(Xa)(gbc)− ρ(Xb)(gca) + ρ(Xc)(gab)
− gcd
[
0T (K∇)dab − γ
d
ab
]
− gad
[
0T (K∇)dcb − γ
d
bc
]
.
}
Combining the symmetric and anti-symmetric parts, and using gadged = δ
a
e, one can
get the desired result.
Corollary 3.8. On an almost-Lie algebroid (E, ρ, [·, ·]E , 0) equipped with an E-metric,
there exists a unique E-Levi-Civita connection.
Proof. If E is an almost-Lie algebroid, then it is of Lie-type by the corollary (3.6).
Hence as L = 0, the E-torsion (3.40) and E-non-metricity (3.41) components of the
unique E-Koszul connection K∇ vanish so that K∇ coincides with the unique E-Levi-
Civita connection.
This corollary trivially implies the fundamental theorem of Riemannian geometry, as
the tangent bundle is a Lie algebroid.
19
An anchored vector bundle (E, ρ) is said to be transitive if the anchor ρ is surjective.
A surjective vector bundle morphism is automatically of locally constant rank, so that
(E, ρ) is regular. Hence, one trivially has the following short exact sequence of vector
bundles
0→ ker(ρ)
i
−→ E
ρ
−→ T (M)→ 0, (3.45)
where i : ker(ρ) → E is the inclusion map. If M is paracompact, then like any short
exact sequence of vector bundles over M , this exact sequence splits in the category
of vector bundles [18]. Hence, there exists a vector bundle isomorphism τ : E →
T (M)⊕ ker(ρ) satisfying
τ ◦ g−1 ◦ ρ∗ =
(
0, idker(ρ)
)
, ρ = proj1 ◦ τ, (3.46)
where proji denotes the projection onto ith component in a direct sum. Note that if
(E, ρ, [·, ·]E ) is a pre-Leibniz algebroid, then (ker(ρ), ρ|ker(ρ) = 0, [·, ·]E |ker(ρ)) is a pre-
Leibniz algebroid. Hence, in this case (3.39) becomes an exact sequence of pre-Leibniz
algebroids. Detailed work on this topic can be found in [17]. Note that proj2 ◦ τ is a
locality projector, trivially. Transitive pre-Leibniz algebroids are of importance due to
the fact that the usual vector fields generate diffeomorphisms, and one wants to have
all the diffeomorphisms in a consistent physical theory.
4 Generalized Geometry on Exact Courant Algebroids
The aim of this section is to construct generalized geometry as a special case of E-
metric-connection geometries on local pre-Leibniz algebroids. A suitable “generaliza-
tion” for the local double field theory would be extended Riemannian geometry, which
uses the language of symplectic pre-NQ-manifolds and L∞-structures [19]. Here, gen-
eralized geometry will be constructed by using the exact Courant algebroids, which
corresponds to the special case for extended geometry when one considers symplectic
Lie 2-algebroids [20]. We will define necessary structures, that already exist in the
literature, in a parallel way to E-metric-connection geometries. Similar to the previous
section, we will construct exact Courant algebroids by adding assumptions step by step.
Hence, we first consider almost-metric algebroids.
Definition 4.1. An almost-metric algebroid over M is a quadruplet (E, ρ, [·, ·]E , g),
where (E, ρ) is an anchored vector bundle over M , [·, ·]E is a bracket on E, and g is
an E-metric such that
[u, v]E + [v, u]E = Dg(g(u, v)), (4.1)
for all u, v ∈ X(E), where Dg := g
−1 ◦D.
Definition 4.2. An almost-metric algebroid (E, ρ, [·, ·]E , g) is called an almost-Courant
algebroid if (E, ρ, [·, ·]E) is an almost-Leibniz algebroid over M .
One way to construct an almost-Courant algebroid is to assume a compatibility con-
dition between all the structures of an almost-metric algebroid (E, ρ, [·, ·]E , g) in the
sense
ρ(u)(g(v,w)) = g([u, v]E , w) + g(u, [v,w]E ), (4.2)
for all u, v, w ∈ X(E). If this is the case, then an almost-metric algebroid is called a
metric-algebroid [21].
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Proposition 4.1. Any almost-Courant algebroid (E, ρ, [·, ·]E , g) can be seen as a local
almost-Leibniz algebroid (E, ρ, [·, ·]E ,
gL), where the locality operator gL is defined by
gL(Ω, u, v) := g(u, v)g−1(Ω), (4.3)
for all Ω ∈ Ω1, u, v ∈ X(E).
Proof. By the equation (4.1)
[fu, v]E = −[v, fu]E +Dg(g(fu, v)),
= −{ρ(v)(f)u + f [v, u]E}+Dg(fg(u, v)),
= −ρ(v)(f)u− f {−[u, v]E +Dg(g(u, v))} +Dg(f)g(u, v) + fDg(g(u, v)),
= −ρ(v)(f) + f [u, v]E +Dg(f)g(u, v),
for all f ∈ C∞(M,R), u, v ∈ X(E). For the locality operator in the equation (4.3),
insert Ω = Df for some f ∈ C∞(M,R)
gL(Df, u, v) := g(u, v)g−1(Df) = g(u, v)Dg(f).
Hence gL or any other locality operator from the same locality structure satisfy for the
right-Leibniz identity.
Note that gL(Ω, u, v) is symmetric in u and v due to the E-metric g. The components
of the locality E-tensor (4.3) over a local E-frame (Xa) read
gLabcd = g
abgcd, (4.4)
where gab := g−1(ea, eb). For a g-orthonormal local E-frame, the components of this
locality tensor are widely used in the double field theory literature.
Definition 4.3. An almost-Courant algebroid (E, ρ, [·, ·]E , g) is called a pre-Courant
algebroid if ρ([u, v]E) = [ρ(u), ρ(v)] for all u, v ∈ X(E)
18.
Definition 4.4. A metric algebroid (E, ρ, [·, ·]E , g) is called a Courant algebroid if
(X(E), [·, ·]E ) is a Leibniz algebra.
As metric-algebroids are almost-Courant algebroids, in particular Courant algebroids
are almost-Courant algebroids. Moreover, due to the fact that defining property Leibniz
identity (3.20) implies that the anchor preserves the brackets, all Courant algebroids
are pre-Courant algebroids.
Definition 4.5. Let (E, ρ, [·, ·]E , g) be an almost-Courant algebroid. If the following
sequence is a short exact sequence of vector bundles
0→ T ∗(M)
g−1◦ρ∗
−−−−→ E
ρ
−→ T (M)→ 0, (4.5)
then the almost-Courant algebroid is said to be exact.
In this case, g−1◦ρ∗ is injective, and its image is isomorphic to ker(ρ), so that ker(ρ) ≃
T ∗(M). Hence, this exact sequence is of the form (3.45), and similarly when M is
paracompact, one can deduce that there is a vector bundle isomorphism τ : E →
T (M) ⊕ T ∗(M) with τ ◦ g−1 ◦ ρ∗ =
(
0, idT ∗(M)
)
, ρ = proj1 ◦ τ . Hence, any exact
almost-Courant algebroid is a rank 2n vector bundle over an n dimensional manifold.
18For a slightly more restrictive definition of pre-Courant algebroids, see [22].
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The “untwisted generalized-tangent bundle” T(M) := T (M) ⊕ T ∗(M) is an exact
Courant algebroid, with the anchor being the projection map proj1 : T(M) → T (M),
the Dorfman bracket19 [·, ·]D : Γ(T(M))× Γ(T(M))→ Γ(T(M))
[U + ω, V + η]D := [U, V ] + LUη − ιV dω, (4.6)
and the T(M)-metric (·, ·) : Γ(T(M))× Γ(T(M))→ C∞(M,R) defined by
(U + ω, V + η) :=
1
2
(ιUη + ιV ω) , (4.7)
where U, V ∈ X(M), ω, η ∈ Ω1(M). Note that this T(M)-metric is (n, n) signature.
Hence, the group of unitary transformations is the orthogonal group O(n, n), which is
suitable for T -duality.
Any exact Courant algebroid can be constructed by starting from the untwisted
generalized-tangent bundle T(M) and H-twisting it via the bracket [·, ·]H : Γ(T(M))×
Γ(T(M))→ Γ(T(M))
[V + ω,W + η]H := [V + ω,W + η]D + ιW ιVH. (4.8)
for a closed 3-form H ∈ Ω3cl(M). The cohomology class [H], which is called the Sˇevera
class, completely classifies exact Courant algebroids up to Courant algebroid isomor-
phism [23].
One can define the “generalized” versions of the geometric structures in the sense
of Hitchin. Let (E, ρ, [·, ·]E , g) be an almost-Courant algebroid. Then a (q, r)-type
generalized-tensor is just a (q, r)-type E-tensor, and everything about E-tensors, E-
vector fields etc. can be carried on here as generalized versions.
Definition 4.6. On an almost-Courant algebroid (E, ρ, [·, ·]E , g), a generalized-metric
G is an E-metric which satisfies
g(u, v) = g−1(G(u), G(v)), (4.9)
for all u, v ∈ Γ(E).
The condition (4.9) can be written as
gab = g
cdGacGbd. (4.10)
on a local generalized-frame (Xa), which is also widely used in double field theory
literature. Any generalized-metric on an exact Courant algebroid splits E into E =
C+ ⊕C− where (n, n) signature g reduces to (t, s) and (s, t) signatures on C+ and C−
respectively for some t, s ∈ N with t+ s = n, where C− is the orthogonal complement
of C+. Note that, g itself becomes a generalized-metric if components of g and g
−1
coincide, i. e. g2 = idX(M)
20. This is the case for (4.7), so it holds for any exact Courant
algebroid. Any generalized-metric on the untwisted generalized tangent bundle can be
written as
G =
(
Gˆ−BGˆ−1B BGˆ−1
−Gˆ−1B Gˆ−1
)
, (4.11)
where B ∈ Ω2(M), and Gˆ is a usual (t, s) signature metric over M . Moreover any G
of this form is a generalized-metric. Twisting corresponds to B being a locally 2-form,
but globally a connective structure on a bundle gerbe.
19Its anti-symmetrization is called the Courant bracket.
20This fact has relations with the para-Hermitian formulation of double field theory [24].
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Definition 4.7. On an almost-Courant algebroid (E, ρ, [·, ·]E , g), a linear E-connection
∇ on (E, ρ) is called a linear generalized-connection. The generalized-non-metricity
tensor corresponding to a linear generalized-connection ∇ and a generalized-metric G
is the (0, 3)-type E-non-metricity tensor of ∇ and G. The generalized-torsion operator
corresponding to ∇ is the E-torsion operator of ∇ on the local almost-Leibniz algebroid
(E, ρ, [·, ·]E ,
gL).
This generalized-torsion operator explicitly reads21
gLT (∇)(u, v) = ∇uv −∇vu− [u, v]E + g(∇Xau, v)g
−1(ea), (4.12)
for all u, v ∈ Γ(E), where (Xa) is a local generalized-frame, with its dual local generalized-
coframe (ea)22.
Definition 4.8. On a regular pre-Courant algebroid (E, ρ, [·, ·]E , g), the generalized-
curvature operator corresponding to a generalized-connection ∇ is defined as the E-
curvature operator of ∇ on the local pre-Leibniz algebroid (E, ρ, [·, ·]E ,
gL) endowed
with a locality projector P on [gL]
This generalized-curvature operator explicitly reads
ĝLR(∇)(u, v, w) = ∇u∇vw −∇v∇uw −∇[u,v]Ew +∇ĝL(ea,∇Xau,v))
w, (4.13)
for all u, v, w ∈ Γ(E), where (Xa) is a local generalized-frame.
Exact almost-Courant algebroids, so in particular exact Courant algebroids, are
regular by definition because the anchor is surjective. Moreover, Courant algebroids
are pre-Courant algebroids, so generalized-curvature operator can be defined on any
exact Courant algebroid without any additional assumption.
Proposition 4.2. Let (E, ρ, [·, ·]E , g) be an exact almost-Courant algebroid, then there
is a unique locality projector P given by the projection onto ker(ρ) ≃ T ∗(M) given by
proj2 ◦ τ , where τ : E → T (M) ⊕ T
∗(M) is the isomorphism coming from the exact
sequence (4.4).
Proof. For notational ease, we will ignore the isomorphism τ and directly take E =
T (M) ⊕ T ∗(M). As the kernel of the anchor ρ is T ∗(M), a locality projector is of
the form (U,ω) 7→ (0, ω˜) for U ∈ X(M), ω, ω˜ ∈ Ω1(M). If (U,ω) is in the image of
the coboundary map D, which coincides with the exterior derivative d, then its image
under the locality projector will be the same as itself. This implies (0, ω) 7→ (0, ω) for
exact ω ∈ Ω1(M), as g−1 ◦ ρ∗ is just the inclusion. Any 1-form can be written as a
sum of exact 1-forms locally. Hence, this gives (0, ω) 7→ (0, ω) for any ω ∈ Ω1(M).
Therefore, there is only one possible locality projector, which is given by the projection
map onto the cotangent bundle.
This justifies the choice of generalized-curvature operators in the double field theory
literature defined with the projection onto T ∗(M).
In the double field theory literature, generalized-torsion and generalized-curvature
tensors are usually defined index-down by using the isomorphism g−1 : Ω1(E)→ X(E).
Here, as in the previous section, they will be defined completely analogous to the usual
case
gLT (∇)(Ω, u, v) := 〈Ω,
gLT (∇)(u, v)〉,
ĝLR(∇)(Ω, u, v, w) := 〈Ω,
ĝLR(∇)(u, v, w)〉, (4.14)
21As in the previous section, any L ∈ [gL] would work.
22i. e. (Xa) is a local E-frame on an almost-Courant algebroid E, and (e
a) is its dual.
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for all Ω ∈ Ω1(E), u, v, w ∈ X(E). For exact Courant algebroids, another way to have
E-tensorial curvature would be to define a generalized-curvature with respect to the
pseudo-curvature map R(0)(∇) and then restrict it to a Dirac structure so that it is
C∞(M,R)-multilinear [25]. Generalized-Ricci tensor and generalized-Ricci scalar can
be defined as in the pre-Leibniz algebroid case.
In this setting, we have the necessary structures to define generalized-metric-connection
geometries.
Definition 4.9. Generalized-metric-connection geometries are defined as a quadruplet
(M, (E, ρ, [·, ·]E , g,P), G,∇) where M is a manifold, (E, ρ, [·, ·]E , g) is an exact Courant
algebroid over M , P = proj2 is the unique locality projector in the locality structure
[gL], G is a generalized-metric, and ∇ is a linear generalized-connection.
Note that these geometries can be defined on any regular pre-Courant algebroid.
By construction, this definition is equivalent to the E-metric-connection geometry
(M, (E, ρ, [·, ·]E ,
gL,P), G,∇) when G satisfies (4.9). Hence, in this sense E-metric-
connection geometries “generalize” generalized geometries.
Definition 4.10. If a linear generalized-connection is generalized-metric-compatible
with both g and G and generalized-torsion-free , then it is called a generalized-Levi-
Civita connection associated to G.
Even though there are two generalized-metric-compatibility conditions, generalized-
Levi-Civita connections are still not unique, except in some small number of special
cases [26].
Proposition 4.3. On a local almost-Leibniz algebroid (E, ρ, [·, ·]E ,
gL) endowed with
an E-metric g, assume that ∇ is an E-Levi-Civita-connection. On a g-orthonormal
local E-frame, if E-connection coefficients {Γ(∇)abc} are symmetric (respectively anti-
symmetric) in b and c, then the E-anholonomy coefficients {γabc} have to be also sym-
metric (respectively anti-symmetric) in b and c.
Proof. On a g-orthonormal local E-frame, E-non-metricity components (3.7) for a lin-
ear E-connection ∇ become
Q(∇, g)abc = −Γ(∇)
d
abgdc − Γ(∇)
d
acgbd,
on a local E-frame (Xa). Assuming metric-g-compatibility and multiplying by g
ec, this
becomes
Γ(∇)eab = −Γ(∇)
d
acg
ecgdb, (4.15)
as g is symmetric. By the equation (4.12), E-torsion-free condition on components can
be written as
Γ(∇)abc − Γ(∇)
a
cb − γ
a
bc + Γ(∇)
e
dbg
adgec = 0. (4.16)
Note that the last term in the summation is the same as the right-hand side of the
equation (4.15) if one changes the indices d and b in Γ(∇)edb. If Γ(∇)
e
db is symmetric
or anti-symmetric in d and b, one can use this information. First, let us assume that it
is symmetric, then the equation (4.16) becomes
Γ(∇)abc − Γ(∇)
a
bc − γ
a
bc − Γ(∇)
a
bc = 0,
by the equation (4.15). This yields
γabc = −Γ(∇)
a
bc,
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forcing γabc to be also symmetric in b and c. Similarly, if one assumes anti-symmetry
of Γ(∇)edb in d and b, then one gets
γabc = 3Γ(∇)
a
bc,
which forces γabc to be anti-symmetric in b and c.
Proposition 4.4. On an almost-metric algebroid (E, ρ, [·, ·]E , g), g-orthonormal local
E-frames are of Lie-type.
Proof. By the defining property of almost-metric algebroids (4.1),
[Xa,Xb]E + [Xb,Xa]E = Dg(g(Xa,Xb)),
on a local E-frame (Xa). If (Xa) is g-orthonormal, the right-hand side vanishes because
Dg can be written as g
−1 ◦ ρ∗ ◦ d. Hence, by the linear independence, one gets γcab =
−γcba.
Corollary 4.1. Let (E, ρ, [·, ·]E , g) be an almost-Courant algebroid and ∇ an E-Levi-
Civita connection. Then, non-zero E-connection coefficients {Γ(∇)abc} cannot be sym-
metric in b and c on a g-orthonormal local E-frame.
Proof. Almost-Courant algebroids are almost-metric algebroids by definition. Hence,
the proposition (4.4) is valid for almost-Courant algebroids, and so g-orthonormal local
E-frames are of Lie-type. Moreover, by the proposition (4.1), almost-Courant alge-
broids are local almost-Leibniz algebroids with the locality operator gL. Therefore, the
proposition (4.3) is also valid for them, which means that Γ(∇)abc cannot be symmetric
in b and c.
Proposition 4.5. On an almost-Courant algebroid (E, ρ, [·, ·]E , g), an E-Koszul con-
nection is E-torsion-free if and only if it is E-metric-g-compatible.
Proof. By the proposition (4.4), g-orthonormal local E-frames are of Lie-type. Hence,
by the proposition (4.1), the E-torsion (3.39) and E-non-metricity (3.40) components
of an E-Koszul connection become
T (K∇)abc =
1
2
(
Γ(K∇)eacgeb + Γ(
K∇)eabgec
)
gad,
Q(K∇, g)abc = −
1
2
(
Γ(K∇)eacgeb + Γ(
K∇)eabgec
)
,
on a g-orthonormal local E-frame (Xa). They clearly satisfy
T (K∇)abc = −Q(
K∇, g)dbcg
ad.
Hence, if it is E-metric-g-compatible, then it is E-torsion-free. By the proposition
(3.9), the other implication is already proved for a more general case.
5 Concluding Remarks
In this paper, E-metric-connection geometries are constructed on regular local pre-
Leibniz algebroids with a locality projector. This construction is done with the fewest
possible number of assumptions and completely parallel to usual metric-affine geome-
tries on a smooth manifold. As a special case, metric-affine geometry is deduced in a
unique way, so one can say that with this new geometry one generalizes the general
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relativity. Moreover, on exact almost-Courant algebroids another uniqueness result is
proven for the locality projector, which explains the necessity of the curvature operator
used in the double field theory literature. By combining the existing information, espe-
cially on Lie algebroids, some new results are proven. For example, E-Koszul connec-
tions, which are generalizations of Levi-Civita connections, are defined and shown to be
helpful for numerous properties. In particular, a generalization of the fundamental the-
orem of Riemannian geometry is proven for almost-Leibniz algebroids. Moreover, some
special cases for the existence of E-Levi-Civita connections are investigated. Most im-
portantly, locality structures and locality projectors on local almost-Leibniz algebroids
are defined in order to construct E-curvature tensor.
One may think of several other structures in the usual geometrical setting that
can be “lifted” to pre-Leibniz algebroids. For example, Weyl invariant theories [27]
on pre-Leibniz algebroids would be an interesting case. The authors’ ongoing project
on this topic by defining E-versions of conformal, projective and Weyl structures is
on its way. Such constructions might lead one to the use of an analogous version of
Riemann-Cartan-Weyl geometry to explain, for example, the M-theoretic supergravity
3-form C-field [28]. Another possible direction to extend our work would be to define a
local double field theory in terms of a scalar field derived just from a generalized non-
metricity tensor. This will be the generalization of the symmetric teleparallel gravity
[29]. Moreover, there are some results on the generalizations of deformations [30] and
H-twisting [31] of Lie brackets, which will be the subject of future work.
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